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Abstract. We define the spatial numerical range V[P] of the multiparameter system P(X), 
and establish a connection between V[P] and the joint spatial numerical range of a separating 
operator system. 
1. INTRODUCTION 
The eigenvalue problems with several parameters occur quite naturally in certain boundary 
value problems, more specifically those which lead to Mathieu functions. However, the 
eigenvalue problems for the matrices and differential equations have gained the general 
importance under more abstract settings. 
As most of the multiparameter spectral problems are closely connected with a certain 
family of operators acting in the Banach tensor product X = X1 @I . . . @ X, with respect 
to some uniform cross norm [5], we consider the following multiparameter linear operator 
system: 
P(A) = (W), . . * I P,(X)), 
where 
P~(X)=Bi-~1dil-...-X,di, , i=l,... ,n, 
and the operators Bi and dij acting in different complex Banach spaces Xi are bounded. 
In order to study the system P(X), we need to construct the determinants Ae, Al,. . . , A,, 
appearing as in Cramer’s Rule, where the tensor product of the corresponding operators Bi 
and Aij is used instead of the ordinary multiplication. 
Let us assume that the operator Ac is invertible. Then under this assumption and certain 
additional condition, the operators AilAl,. . . , Ai1 A,, commute. This operator system is 
said to be separating in the sense that spectral problem of the system P(A) is reduced to 
spectral problem of the commutative system (A,‘Ar -X11,. . . ,A,‘A, - X,1), where 1 is 
the identity operator. For detail, see ([1],[2],[3],[4]). 
Isaev and Fainshtein [4] established a connection between the spectrum a[P] of the mul- 
tiparameter system P(A) and the Taylor joint spectrum [6] of a separating operator system 
as a consequence of more general results on the joint spectrum of the family of solutions of 
the following system of linear operator equations: 
Uj121$...+Uj*X,=bj j i= l,... ,n, (1) 
where xi are the unknowns, and aij, bi and xi are bounded linear operators acting in the 
complex Banach space X. The aij and bi commute with a)1 and bk for i # k. 
The determinants Ac, the minors Ail...i,, j,...jP, 1 5 ir < . . . < ip 5 n, 1 5 jr < . . . < J’~ 5 
n, of an arbitrary order, and their cofactors are well-defined for an operator matrix 61 = 
(W Icj=I with commuting elements in different rows. The matrix consisting of the pth order 
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minors is denoted by S,, and the matrix consisting of the corresponding cofactors is denoted 
by 6P. We note in the identity SPSp = & that the right-hand side is a diagonal matrix with 
Ac on the diagonal. We also introduce the operators AI,. . . , An as the determinants of the 
operator matrices obtained from 61 by replacing the jth column by the column of operators 
bl,. ..,b,,j=l,..., n. 
Next we turn to recall the concept of the Taylor theory [6]. A commutative system of 
operators a = (al, . . . , a,) acting in the complex Banach space X is said to be regular if 
the following cochain complex is exact: 
where AP[X] = X @ AP, AP is the subspace of elements of rank p in the exterior algebra with 
generators sr, . . . , s,, and 
op(Z @ Sj, A . . . ASj,) = 2 akx@Sk/\Sj, A...ASj,. (3) 
k=l 
The Taylor spectrum of a = (al,. . . , a,) is defined as the set uT(u) = {X E C” : 
(al - AlI,. . . , a, - X,1) is not regular}. 
Also, we define the matrices Sp in the spaces Ap[X] as follows: 
Sp(Z@Sjl A...ASj,) = C &l...i,, j,...j,X @ %I A . . . A Sip, 
l<il<...<i,<n (4) 
for 1 2 jr < . . . < jp 5 72. 
Now we quote the following result [4] which is crucial to our study. 
LEMMA 1.1. 
Assume at least one of the following conditions is true 
(i) For a given bl, . . . , b,, system (1) is solvable. 
(ii) The operator matrix S,+r is invertible. 
Then the following diagram is commutative: 
A”[X] c AP+l[X] 
t b,t1 
AP [Xl Lf: AP+l[X] 
where /3P and +’ are the operators of the form (3) defined for the following respective families: 
bl - 2 Ajalj, s v . , b, - 2 Aja,j and 
j=l j=l 
(A;~A~ - ~~1,. . . ,A;‘A, 4,I). 
The aim of this paper is to define the spatial numerical range V[P] of multiparameter 
system P(X), and establish a connection between V[P] and the joint spatial numerical range 
of a separating system (A;‘Al,. . . , 
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Definition 1.2 We define the spatial numerical range V[P] of the multiparameter system 
P(X) = (s(A), . . . , P,(X)) as the set 
WI= fj u {(Al,... PA*) E c” : (.fj(pj(A)"j))j = 0; (zj,fj) E II}, 
j=l O#trjED(Pj) 
where II = {(ZjIfj) E Xi X XJ : 1 = IlZjll = ll_fjll = fj(Zj)}, and V[P] coincides with the 
numerical range W[P], in the sense of Isaev [3], for Xj as Hilbert spaces. 
2. MAIN RESULTS 
We are just about ready to write the main results. 
THEOREM 2.1. Suppose the operator matrices 6,, p = 1,. . . , n, associated with system (1) 
are invertible. Then, for the fa+ily of solutions of(l), we find 
v [A;~A~, . . . ,A;‘A,] = 
n n 
c Xjalj,eee,bn- 
j=l = I) Ajanj (5) . j=l 
Now we turn to write the result connecting V[P] and the joint numerical range of the 
separating system. 
THEOREM 2.2. Let all the operator matrices a,, p = 1,. . . , n, be invertible. Then 
V[S, . . . ,Pn] = v [A;~A~, . . . , AO'A,,] . (6) 
The proofs are included in the detailed version of the paper. 
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